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\^ ^ Abstract 

^^ ' We consider an infinite spin chain as a bipartite system consisting of 

^ . the left and right half-chain and analyze entanglement properties of pure 

Oh' states with respect to this splitting. In this context we show that the 

amount of entanglement contained in a given state is deeply related to 

the von Neumann type of the observable algebras associated to the half- 

2 ' chains. Only the type I case belongs to the usual entanglement theory 

which deals with density operators on tensor product Hilbert spaces, and 

only in this situation separable normal states exist. In all other cases the 

corresponding state is infinitely entangled in the sense that one copy of 

^^ , the system in such a state is sufficient to distill an infinite amount of 

}_( ' maximally entangled qubit pairs. We apply this results to the critical XY 

C^ I model and show that its unique ground state ips provides a particular 

example for this type of entanglement. 

1 Introduction 

Entanglement theory is not only at the heart of quantum information theory, 
it has also produced a lot of very deep (and in particular quantitative) insights 
into the structure of quantum correlations. The latter play also a paramount 
role in condensed matter physics, in particular in the study of phase transitions 
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and critical phenomena. It is therefore an interesting and promising task to 
analyze how both fields can benefit from each other, or in other words: to apply 
entanglement theory to models of quantum statistical mechanics. 

A lot of research was recently done on this subject, concentrating in par- 
ticular on one-dimensional systems (cf. 0[n||2aini[T2iaiESlESlE3ISIIEl 
1181 I2(J[ EH \'6'6\ 144) and the references therein for a still incomplete list). Many 
of these papers study a ground state of a spin chain model and calculate the 
von Neumann entropy S of its restriction to a finite, contiguous block. It turns 
out that the scaling behavior of S with respect to the length L of the block is 
intimately related to criticality: For critical models the entropy S{L) tends to 
diverge logarithmically (in the limit L — > cx)), while liniL^oo S{L) remains finite 
in the non-critical case. 

The relation of these results to entanglement theory is given by the fact that 
S - the entropy of entanglement ~ measures the rate of maximally entangled 
qubit pairs ( "singlets" ) , which can be distilled from an infinite supply of systems, 
if only local operations and classical communication (LOCC) are allowed. To 
be more precise consider a spin chain as a bipartite system consisting of a finite 
block of length L (given to Alice) and the rest (given to Bob), and assume that 
an infinite amount of chains is available. The entropy of entanglement S{L) 
describes then the number of singlets Alice and Bob can produce per chain, if 
they are only allowed to communicate classically with each other and to operate 
on their parts of the chains. While this is a natural concept for finite dimensional 
systems, it seems to be odd for infinite degrees of freedoms, because we already 
have infinitely many systems. Hence it is more natural to ask how many singlets 
Alice and Bob can produce (in terms of LOCC) if only one chain is available. 
This question is discussed in |1()II8HJ . and it turns out that in the critical case this 
^^ one- copy entanglement^ diverges logarithmically as well (but with a smaller 
factor in front of the logarithm) . 

Let us change our point of view now slightly and consider a splitting of the 
chain into a left and right half, rather than into a finite part and the rest. The 
results just discussed indicate that the one-copy entanglement of a critical chain 
becomes infinite in this case. As shown in 25^ states of such a type can not be 
described within the usual setup of entanglement theory (density operators on 
tensor product Hilbert spaces) but require instead the application of operator 
algebraic methods. The purpose of the present paper is to take this point of 
view seriously and to rediscuss entanglement properties of infinite quantum 
spin chains in an appropriate (i.e. algebraic) mathematical context. The basic 
idea is to associate to each set A of spins in the chain the C*-algebra .4a of 
observables localized in A, and to describe the systems in term of this net of 
algebras - rather than in terms of a fixed Hilbert space. This is a well known 
mathematical approach to quantum spin systems, and it has produced a lot of 
deep and powerful methods and results (cf. the corresponding section of jll| 
and the references therein). Of special importance for us are the algebras Al 
and Ab. associated to the left (L) and right (i?) half-chain. They represent the 
corresponding splitting of the spin chain into a bipartite system. In the following 
we can think of Al (respectively Ar) as the algebra which is generated by the 
observables available only to Alice (respectively Bob). The main message of 
this paper is now that the degree of entanglement contained in a pure state of 
the chain is deeply related to properties (in particular the von Neumann type) 
of the weak closure of Al and Ar in the corresponding GNS representation. 



We can show in particular that under mild technical assumption (most notably 
Haag-duality) two different cases arise: 

• The low entangled case, where the half-chain algebras are of type I, sepa- 
rable normal states exist, but no normal state can have infinite one-copy 
entanglement. This covers the traditional setup of entanglement theory. 

• The infinitely entangled case. Here the half-chain algebras are not of type 
I, all normal states have infinite one-copy entanglement, and consequently 
no separable normal state exists. 

The previous results mentioned above indicate that critical models usually be- 
long to the second case. Using the method developed in j2 U we prove this 
conjecture explicitly for the critical XY model. In this context we show in par- 
ticular that the (unique) ground state of a critical XY chain satisfies Haag 
duality. 

The outline of the paper is as follows: After presenting some notations and 
mathematical preliminaries in Section |21 we will discuss (Section |3Jl the gener- 
alizations of the usual setup for entanglement theory which are necessary in a 
C*-algebraic context. This is mostly a review of material presented elsewhere 
mi EHl Bm adopted to the special needs of this paper. In Section 0] we ana- 
lyze the relations between the von Neumann type of half-chain algebras and 
the amount of entanglement in a given state (cf. the discussion in the last para- 
graph). These results are then applied to spin chains. In Section[Slwe treat kine- 
matical properties like translational invariance, localization of entanglement and 
cluster properties, while Section El is devoted to a detailed study of the critical 
XY model. 



2 Preliminaries 

A quantum spin chain consists of infinitely many qubits (more generally d- 
level systems, but we are only interested in the spin 1/2 case) arranged on a 
one-dimensional regular lattice (i.e. Z). We describe it in terms of the UHF 
C*— algebra 2°° (the infinite tensor product of 2 by 2 matrix algebras ) : 



-c* 



-A = (g) M2(C) . (1) 

z 

Each component of the tensor product above is specified with a lattice site Z. 
By Q(^^ we denote the element of A with Q in the jth component of the tensor 
product and the identity in any other component. For a subset A of Z , ^Ia is 
defined as the C*-subalgebra of A generated by elements supported in A. We 
set 

^loc= U ^A (2) 

AcZ,|A|<oo 

where the cardinality of A is denoted by |A|. We call an element of ^a a local 
observable or a strictly local observable, ^loc is a dense subalgebra of A. 

In this paper we will look at spin chains as bipartite systems. Hence we have to 
consider observables and operations which are located on the right respectively 



left part of the chain. They are described in terms of the two half-chain algebras^ 

Ar~A[o^oo), ^L — A(^^oo,0)- (3) 

For each state w of ^ we can introduce the restricted states 

^R = '^\Ar, t^L=Uj\AL (4) 

and the von Neumann algebras 

nB,u =- ^o.{Ar)", 7^L,^ = ^^{Al)", (5) 

where i7iun''^un^u>) denotes the GNS representation associated with lo. For ar- 
bitrary Lo the two von Neumann algebras 'R-l/r,lj have the following properties: 

• Since A^/r are generated (as C*-algebras) by an increasing sequence of 
finite dimensional matrix algebras, the same holds for 'JZr/l,uj in the weak 
topology. Hence the TZl/r.ui £^re hyperfinite. 

• For the same reason the GNS Hilbert space Huj is separable, hence TZl.ui 
and TZr.uj are cr-finite. 

• Ti-L,uj and TZr,ui are mutually commuting, i.e. [A, B] — for all A G TZl,lj 
and all B e TZr,ui. 

If to is pure, the GNS representation n^ is irreducible and we get in addition: 

• T^L.uj and TIr,uj together generate ^^{Ay' — B{Huj), i.e. 

7^L,c. V TZr,^ = (7^L,^ U TZr.,,)" = S(7^^). (6) 

• The TZl/r,uj are factors. This can be seen as follows: The center Z^ of 
TZl,uj satisfies 

K^iT^L^^(^K.J^T^L.u.yK,^. (7) 

But TZr,^ C TZ']^ ^ and from Equation ^ we therefore get Z^ = B{Hu))- 
Hence TZl,u} is a factor, and TZr.^ can be treated similarly. 

A special class of states we will consider frequently are translationally in- 
variant states. A state to is translationally invariant if cj o ti = lo holds, where 
Ti denotes the automorphism which shifts the whole chain one step to the 
right. More precisely, we define for each fc e Z an automorphism r^ of A by 
Tj{Q^^^) = Q (■''+'') for any j G Z and any 2x2 matrix Q. 

A particular example of a translationally invariant state is the ground state 
of the critical XY-model. To give its definition, note first that a state 1^9 is a 
ground state with respect to a one parameter group at of automorphisms of A, 
if 

V{Q*5{Q)) > (8) 

holds for any Q in the domain of the generator 5 of at , where 

m) = -»^«t(Q)it=o. (9) 



-"^We will use interval notations like (a, b\ frequently for subsets of Z rather than ! 



The dynamics of the XY-model is given formaUy by 

at(g)=exp**^^^Qexp-'*^^^, QeA (10) 

with the Haniiltonian 

HxY = - Y.{{1 + 7)<Ti^V(^"+i) + (1 - 7)<T^^V(^"+i) + 2Aa(^")}, (11) 

(i) (i) (i) 

where cri , Cy , and az are Pauh spin matrices at the site j and 7 and A 

are real parameters (anisotropy and magnetic field). The precise mathematical 

definition of at is obtained via thermodynamic limit: If we set 

Hxviia, b]) = - J2m + 7)cTi^V(^+i) + (1 - 7)4'^^'^ + 2A^P^}, (12) 

the limit 

at(Q) = lim e^*^--([-^-^l)Qe-^*^--([-^^^l', QeA (13) 

exists in norm topology of A and defines the time evolution at ■ The local algebra 
Aloe is a core for the generator S{Q) — [Hxy, Q]- 

The critical XY model arises if the parameter A, 7 satisfy |A| = 1,7 ^ 
or |A| < 1,7 = 0. In this case it is known (cf. Theorem 1 of |3]) that there 
is a unique ground state ips- We will refer to it throughout this paper as "the 
(unique) ground state of the critical XY model" . 

3 Entanglement and C*-algebras 

Our aim is to look at an infinite quantum spin chain as a bipartite system which 
consists of the left and right half-chain and to analyze entanglement properties 
which are related to this splitting. However, in our model the two halts of the 
chain are not described by different tensor factors of a tensor product Hilbert 
space, but by different subalgebras of the quasi-local algebra A. Therefore we 
have to generalize some concepts of entanglement theory accordingly (cf. also 

EilESllini) 

Definition 3.1 A bipartite system is a pair of unital C*-algebras 21, S which 
are both subalgebras of the same "ambient algebra" 9JI, commute elementwise 
({A, B]=0 for allAe^,Be ^) and satisfy 21 n » = CI. 

For the spin chain we have 21 = Al, S = Ar and VJl ^ A. The usual setup 
in terms of a tensor product Hilbert space TCi (8) 7^2 arises with A — B{T-Ci) <E) I, 
!B = K^B{Ti2) and DJl = B{Hi<S)H2)', we will refer to this situation as the "type 
I case" (since 21 and 5B are type I von Neumann algebras in this case). If Tl is 
finite dimensional, the latter is the only possible realization of bipartite systems 
- in full compliance with ordinary (i.e. finite dimensional) entanglement theory. 

Definition 3.2 A state lo on the ambient algebra is called a product state if 
Lo{AB) = uj{A)lo{B) for all A € ^, B e !B; i.e. if co does not contain any 
correlations, lo is separable if it is an element of the weakly closed convex hull 
of the set of product states. If lu is not separable, it is called entangled. 



If a; is a normal state of a type I system, i.e. lu{A) = tr(pA) with a density 
operator p on Ti.i'S)Ti.2 we see immediately that w is a product state iff p = pi®P2 
holds. Hence we recover the usual definitions. 

Given a bipartite system in an entangled state our aim is to extract maxi- 
mally entangled qubit pairs using an operation T which does not generate en- 
tanglement itself (i.e. T should map separable states to separable states - such 
a map is called separable itself). For the purpose of this paper it is sufficient, 
to look only at the most simple class of such maps: local operations (for LOCC 
maps cf. Uni)- 

Definition 3.3 A local operation between two bipartite systems 2li,*Bi C 9Jli 
and 212,532 C 9Jl2 is a unital completely positive (cp) map T : dJli -^ 3Jl2 such 
that 

1. r(2[i) C 2I2 and T(*Bi) C 'B2, 

2. and T{AB) = T{A)T{B) holds for all A £ 2li,, B G Q3i. 

If we consider in the type I case an operation T : 2ti(8)*Bi -^ 2l2(Xi5B2 which is 
local and normal, it must have the form T — Ti®T2 with two unital (and normal) 
cp maps Ti, T2. To see this, expand an element Q € 9Jti = 2li(8)Q5i = B{Hi®Ti2) 
in terms of matrix units eij. By normality we get 

Q^Y. ^y'fe'^y ® ^fc' ' ^(Q) = Y. ^^3kiT{e,, ® 1)T(1 ® eui) = Ti ® T2(Q), (14) 

ijkl ijkl 

hence T = Ti ® T2 as stated. Note that T would not factorize if we consider only 
item n of this definition: If w is a state on 9Jti the map T{A) = TL(jj{A) satisfies 
condition n even if w is entangled. To fulfill condition |21 as well, however, uj has 
to be a product state. 

Usual distillation protocols describe procedures, to extract a certain amount 
of entanglement per system, if a large (possibly infinite) number of equally pre- 
pared systems is available. However, if we study an infinite quantum spin chain, 
we have already a system consisting of infinitely many particles. Hence one copy 
of the chain could be sufficient for distillation purposes, and if the total amount 
of entanglement contained in the system is infinite, it might be even possible 
to extract infinitely many singlets from it. This idea is the motivation for the 
following definition^ j^SJ E| ■ 

Definition 3.4 Consider a state uj of a bipartite system 21, !B C 971. The quan- 
tity Ei{uj) — log2(d) is called the one copy entanglement of uj (with respect to 21, 
05^, if d is the biggest integer d > 2 which admit for each e > a local operation 
T, : BiC^) (g) BiC^) -> m such that 

1 '^ 

uj{T,{\xd){Xd\))>l-e, Xd^^Y.\^]) (15) 

holds. If no such d exists we set Ei [uj) — and if J^15]) holds for all d > 2 we 
say that lu contains infinite one copy entanglement (i.e. Ei(uj) — ooj. 

^Note that the definition given in IKil is shghtly different from ours, because the condition 
T*{uj) = |xd)(Xdl is used instead of Equation I15i . The advantage of our approach (following 
1251 ') lies in the fact that topological questions concerning the limit e ^ can be avoided. 



The next result is a technical lemma which we will need later on (cf. 00] for 
a proof). It allows us to transfer results we have got for C*-algebras 2t, 53 to the 
enveloping von Neumann algebras 21", S" and vice versa. 

Lemma 3.5 Consider a bipartite system 21,58 C 971 C B{TC) with irreducible 
371 and a density operator p on Ti. The state tr(p-) has infinite one copy en- 
tanglement with respect to 21, 58 iff the same is true with respect to 21", 58". 

Finally, we will consider violations of Bell inequalities. This subject is studied 
within an algebraic context in |35| . Following these papers let us define: 

Definition 3.6 Consider a bipartite system 2t, 58 C Tl. The Bell correlations 

in a state uj : DJl —>■ C are defined by 

(3iuj) = i snpuj{Ai{Bi + B2) + ^2(^1 - B2)), (16) 

where the supremum is taken over all selfadjoint Ai G 21, Bj G 58 satisfying 
-1 < Ai < 1, -I < Bj < I, for i,j = 1,2. In other words Ax.A^ and Bi,B2 
are (appropriately bounded) observables measurable by Alice respectively Bob. 

Of course, a classically correlated (separable) state, or any other state consis- 
tent with a local hidden variable model |33 satisfies the Bell-CHSH-inequality 
(3{uj) < 1, while any w has to satisfy Cirelson's inequality ^31 1361 H5| 

(3{uj) < V2. (17) 

If the upper bound v2 is attained we speak of a maximal violation of Bell's 
inequality. 

4 Entanglement and von Neumann type 

In this section we want to consider the special case that 21 and 58 are von 
Neumann algebras acting on a Hilbert space Ti. and having all the properties 
mentioned in Section [2| In other words: 521 and 58 are hyperfinite and cr- finite 
factors, and they generate together B{T-i), i.e. 

2lV<8=e(H). (18) 

As the ambient algebra we choose Tl = B{H) and we will call a bipartite system 
with these properties in the following simple. If in addition 521' = 58 holds we 
say that Haag duality holds. We will see that these conditions are already quite 
restrictive (in particular Equation 118|l l and lead to a close relation between 
entanglement and the type of the factors 521 and 58. 

4.1 Split property 

Let us consider first the low entangled case. It is best characterized by the split 
property, i.e. there is a type I factor M such that 

2lcA/'c<8' (19) 

holds. In this case normal states with infinite one copy entanglement does not 
exist. More precisely we have the following theorem. 



Theorem 4.1 Consider a simple bipartite system 21, 05 C B{Ti.) satisfying the 
split property ^19\) . Then there is no normal state on B{7i) with infinite one 
copy entanglement. 

The proof of this theorem can be divided into two steps. The first one shows 
that the spht property forces the algebras 21, 05 to be of type I. 

Proposition 4.2 A simple bipartite system 21, !8 C B(Ti.) satisfies the split 
property iff it is (up to unitary equivalence) of the form H ~ Hi (^ H2, 21 — 
B{7ii) (E> I and 23 = 1L(^ B{Ti.2)- This shows in particular that the split property 
implies Haag duality. 

Proof. If 21, 5B are of the given form, the split property holds trivially with 
A/" = 21. Hence only the other implications has to be proved. To this end consider 
the relative commutant M = 21' n TV of 21 in TV. Since TV C *B' we have TW C 2t' 
and M C^'. Hence with Equation ifH^ 

TW c (21 V «B)' = CI. (20) 

Since TV is of type I, there are Hilbert spaces 7ii,7i2 and a unitary U : H ^ 
Hi (g) H2 such that UJ\fU* = B(7ii) (g) I holds 03 Thm. V.1.31]. Hence 21 C TV 
implies WSiU* = 2t(8) I, with a subalgebra 21 oi B{Hi). Equation ^^ therefore 
leads to 21' = CI; hence 21 = BiHi) and U^U* = 6(Hi) «) I as stated. In a 
similar way we can show that U^U* = 1(E) 6(7^2), which concludes the proof. 
D 

Roughly speaking we can say that there is not enough room between 21 and 
03' to allow non-trivial splits with 21 ^ TV. This is exactly the converse of a 
standard split inclusion, where 21' n *B' is big enough to admit a cyclic vector 

[13 EH. 

With this proposition Theorem 14.11 follows immediately from a recent result 
about the type I case |25| : 

Proposition 4.3 Consider a normal state lo of a type I bipartite system (121 = 
B{nA)E)l, *B = I(g)Q3(7i:i3) C m = B('HA®'HB))- For each sequence of umtal 
cp-maps 

Td : Bi& (g)&)^m 

such that T^(j) is ppt^ for each pure product state 0, we have 

1 '' 
lim uj{Td{\xd){Xd\)) =0, Xd^ ^^y] b'i)- 
d-00 Vd ■^ 

The operations Td considered here map pure product states to ppt-states. 
This is a much weaker condition than separability (and therefore much weaker 
than LOCC) . Hence this theorem covers all physically relevant variations of Def- 
inition 13.41 Note in addition that the possibility of normal states with infinite 
distillable entanglement is not excluded, because the usual entanglement distil- 
lation allows the usage of an infinite supply of systems not just one copy. It is 
in fact easy to see that in type-I systems with dimTi^ = dimTis = 00 normal 

^I.e. the density operator associated to T*<j) has positive partial transpose. 



states with infinite distillable entanglement are in a certain sense generic (cf. 
[HITni for details). 

The result of this subsection shows that the split property H19|l characterizes 
exactly the traditional setup of entanglement theory. Hence there are normal 
states which are separable but no normal state has infinite one copy entan- 
glement. This is the reason why we have called this case the "low entangled" 



4.2 The maximally entangled case 

The prototype of a state with infinite one-copy entanglement is a system con- 
sisting of infinitely many qubit pairs, each in a maximally entangled state. It can 
be realized on a spin chain as follows: Consider the algebra -4{-jj-i} containing 
all observables localized at lattice sites —j and j — 1. It is naturally isomorphic 
to S(C^) (E) y8(C^). Therefore we can define the state 

c.{-"-i>(^)=tr(|x2>(X2|A) (21) 

with X2 from Equation (|15() . It represents a maximally entangled state between 
the qubits at site —j and j ~ 1- Now we can consider the infinite tensor product 

u^=<^cot"+'\ (22) 

which has obviously infinite one-copy entanglement. In '25' it is argued that this 
state is the natural analog of a maximally entangled state in infinite dimensions. 
The left and right half-chain von Neumann algebras'' TIl,i and TZr^i have 
the following properties [25] 

• TlL.i,Ti-R,i C B{Hi) form a simple bipartite system. 

• Haag duality holds: TZr^i — TZ'^ ^. 

• TZl.i and TZr^i are hyperfinite type IIi factors. 

Note that the last property can be seen very easily, because the construction 
shown in the last paragraph is exactly the Araki- Woods construction of the 
hyperfinite type IIi factor (0, cf. also |25l Thm. 2] for a direct proof of the type 
III property). Since all hyperfinite type Hi factors are mutually isomorphic the 
maximally entangled case can be characterized as follows: 

Proposition 4.4 Consider a hyperfinite type IIi factor A4 C B(Ti.) admitting 
a cyclic and separating vector. Then the following statements hold: 

1. The pair M.^Ai' C B{Ti.) defines a simple bipartite system which is uni- 
tarily equivalent to TlL.i^Ti-R,! C B{T-Ci). 

2. Each normal state on B(Ti.) has infinite one-copy entanglement (with re- 
spect to M,M'). 



^To avoid clumsy notations we will write occasionally Tii etc. instead of H^Ji , i.e. we will 
replace double indices tuj by an index j . 



Proof. Since A4 and TZl^i are hyperfinite type IIi factors, they are isomorphic 
|39[ Thm XIV. 2. 4] and since both have a cychc and separating vector this iso- 
morphism is implemented by a unitary U. Hence U*MU — TZl,i and due to 
7?-i?.,i = T^'l 1 EH] we also have UM'U* — TZr^i. This already proves item^ 

To prove item|21it is sufficient to show the statement for Ti-L,i,T^B..i rather 
than a general pair M.,AA' . Hence consider a density matrix p on Tii and the 
corresponding state lo{A) = tr(p7ri(A)) on the quasi-local algebra^. According 
to Lemma [3.51 p has infinite one copy entanglement with respect to 'R-l.i.'R-ra 
iff Lo has infinite one copy entanglement with respect to Al, Ar. Therefore, it 
is sufficient to prove the latter. 

To this end, note first that u>i is pure and tti therefore irreducible. If p = 
!'(/') ("01 with a normalized "0 S Tii this implies that lo{A) = (0,7ri(A)V') is pure 
(in particular factorial) and unitarily equivalent to uji. Hence we can apply 
Corollary 2.6.11 of jl()| which shows that quasi-equivalence of uj and uJi implies 
that for each e > there is an iV S N with 



\uj{A) - uji{A)\ < e\\A\\ VA e ^{|„|>Ar}. 



(23) 



Now assume that p is a general density matrix and lo therefore a mixed 
normal state on A. If the spectral decomposition of p is p = ^ ^j\4'j){^j\ we 
have for each e > a J e N with 



oj- 



o 



,7 

E 



Aj(V'j,7ri(A)V'j 



(24) 



The Uj are pure states. Hence we find as in Equation H23(l an A^ e N such that 



e 
3J' 



\u,{A)-iu,{A)\<—\\A\\ VAe^{|„|>^}Vj = l,...,J (25) 



holds. By construction we have in addition 1 — E'^^j^Aj < e/3. Therefore we 
get for all A G Ai\n\>N} with ||A|| = 1: 

\u;iA) - u;i{A)\ < \cu{A) - u;j{A)\ + \u;j{A) - u;i{A)\ 

J 



J 



1 






(26) 

K(A)|<6. (27) 



Now consider the natural isomorphism 

TnM ■ B{C ' (g) C ) ^ A[-N-AL-N]U[N-1,N+M-1] C A. (28) 

1. Together with Equation (|?7jl this 



It satisfies by construction uji{T]s[Mxf'^^) 
implies (with WTNMxf^ 



1 since xf^ is a projector) 



®Af \ 



\u;^iT^Mx'^)-^iTNMxD\ 



>l-4TNMXr\ 



(S)Mi 



1 



which shows that u has infinite one copy entanglement. 



(29) 
(30) 

D 



The bipartite systems described in this proposition admit only normal states 
which have infinite one-copy entanglement. Hence there are in particular no nor- 
mal, separable states. This is exactly the converse of the split situation described 
in the last subsection, and we can call it: "the maximally entangled case". 
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4.3 Haag duality 

Let us consider now simple bipartite systems which are not spUt but satisfy 
Haag duaUty. Then we always can extract a maximally entangled system (as 
described in the last subsection) in terms of a local operation. 

Proposition 4.5 Consider a simple bipartite system 21, 5B = 21' C B{Ti.) such 
that 21 is not of type I. Then there is an operation 7 : B(Ti.i) — + B{Ti.) which is 
local with respect to TZl/r,i <^''^d 2t, 03. 

Proof. By assumption 2t is a factor, not of type I and 05 — 21'. Hence 21, *B are 
either both of type H or both of type III. 

If 21 and 03 are type IIoo , let us define the additional von Neumann algebras 

ML = B{HL)<E)nL,i<E)lR, M'l=Mb. = 1b.®TZr^i(E)B{Hr), (31) 

where Hl/r are two infinite dimensional, separable Hilbert spaces and Il/_r are 
the unit operators on them. Since TZl/r.i ^re hyperfinite type IIi factors, the 
Ml/r are hyperfinite type Hoc factors satisfying M'j^ — Mr- By assumption 
the same is true for 21, 05. Hence there is a *-isomorphism 7 : A^l ^ 21 (since 
the hyperfinite type ll^o factor is unique up to isomorphism '35'). 

Since 21, Ml and their commutants are cr-finite, purely infinite factors both 
admit a cyclic and separating vector |23 Prop. 9.1.6]. Hence the isomorphism 
7 is unitarily implemented |22[ Thm 7.2.9], i.e. 7(A) = UAU* with a unitary 
U ■.HL(g)ni^nR~*H. Since 

UMlU* = 2t and UMrU* = UM'^U* = 21' = 05 (32) 

we get a local operation (even a local *-homomorphism) by 

B{Hi)3 A^U{lL(g>A(g>lR)U* eB{n), (33) 

which proves the statement in the type IIoo case (note that Haag duality entered 
in Equation l|S^ l. 

If 21 and 03 are both of type IIi we can define in analogy to Equation H31f) 
the hyperfinite Hoc factors 

2li = BIUl) «) 21 «) Ifl, 03i = II (g) 05 «) B{nR) (34) 

As in the previous paragraph there exists a unitary U : Hl ® Hi ® Hr -^ 
'Hl®'H®T-Lr such that Equation ^ holds with 21,05 replaced by 2ti,05i. 
Hence with the density matrices pL on Ti^ and pn on Tin we can define a local 
operation B{Hi) -^ B{H) by 

BiHi) 3A^ ti'LRipL <g I ® PRUilL ® A 1r)U*) e B{n), (35) 

where tvLR denotes the partial trace over Hl (^ Hr. 

If one algebra is type IIoo and the other type IIi we can proceed in the same 
way, if we adjoin only one type I factor to B{H), i.e. either B{Hl) or B{Hr). 

Hence only the type III case remains. If 21 is a hyperfinite type III factor it 
is strongly stable (cf. Appendix IX|) . i.e. 

2l=^2l®7^L,l (36) 
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holds. By the same argument which let to Equation (|32|l this imphes the exis- 
tence of a unitary U : H. ® Tii ^f H. such that 

C/21 ® UlsU* = 21, and C/» ® TIrsU* = ». (37) 

Therefore the map BiTi.) 3 A^ C/(I ® A)U* G B{H) is an operation with the 
required properties. □ 

As an immediate corohary we can show that "not type I" together with Haag 
duahty imphes infinite one copy entanglement. 

Corollary 4.6 Consider a simple bipartite system i2l, 03 C B(Ti.) which is not 
split, but satisfies Haag duality. Each normal state lo of B{TL) has infinite one 
copy entanglement with respect to 21,03. 

Proof. Since the split property does not hold, the two algebras 21, 5B are not 
of type I (Proposition ^21 . Hence we can apply Proposition 14. 51 to get a local, 
normal operation 7 : B{TLi) — > BiTi). Since uj is normal, the state w o 7 of 
B{'Hi) is normal as well, and according to Proposition 14.41 it has infinite one 
copy entanglement. Hence, by definition we can find for all e > and all d G N 
a local operation T : B^C^ ® C*) -> BiTii) such that 

uj{loT[\xd){Xd\])>l-e. (38) 

Since 7 is local by assumption, this implies that to has infinite one copy entan- 
glement, as stated. □ 



A second consequence of Proposition l4. 51 concerns Bell inequalities. To state 
it we need the following result from |35j . 

Proposition 4.7 Consider a (not necessarily simple) bipartite system, consist- 
ing of the von Neumann algebras 21, 03 C B{TL). The following two statements 
are equivalent: 

1. For every normal state lo we have (3{'jj) = ^/2. 

2. There is a unitary isomorphism under which 

n^ni(g>H, 21 ^ 7^L,l «) 21, s^Te^^L^s (39) 

holds with appropriate von Neumann algebras 21, 03 C B{Ti.). 

From this we get with Proposition ^3] 

Corollary 4.8 Consider again the assumptions from Corollary \4.()\ Then each 
normal state ui of BCH) satisfies /3(w) = v2. 

Proof. According to Proposition 14.51 we have a local, normal operation 7 : 
B{'Hi) — > B{T-C), and cr = tj o 7 becomes a normal state of B{T-ii). Proposition 
14.71 implies that (3{a) = V2 holds. Hence for each e > there are operators 
A, g 7^L,l, Bj G Ur^i, i = 1, 2 satisfying -1 < A, < I, -I < Bj <1 and 

CO o 7(Ai(Bi + B2) + A2{Bi - B2)) >V2-e. (40) 
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Since 7 is local and e > is arbitrary this, equation immediately implies that 
/3(cj) = a/2 holds as stated. □ 

Now we can summarize all our results to get the main theorem of this section: 

Theorem 4.9 Consider a simple bipartite system 21, *B C BiJi) satisfying Haag 
duality (18 — 21' J. Then the following statements are equivalent: 

1. Each normal state on 05 (7i) has infinite one copy entanglement. 

2. Each separable state is singular. 

3. The algebras 21, OS are not type I. 
4-. The split property does not hold. 

5. Each normal state on B{TL) leads to a maximal violation of Bell inequali- 
ties. 

6. There is a von Neumann algebra M. C S(/C) and a unitary U :TL ~> Ti.i'SilC 
with UWJ* = Ula ® M and U^U* = Ur^ ® M' . 

7. There is a normal state on BiTL) with infinite one-copy entanglement. 

Proof. The implications [T] ^ El and El ^ H are trivial, while =^ 12 and O ^ H 
are shown in Corollary 14. 61 and Proposition ^21 Hence we get ^ <^ El 4=^ <^ El 
To handle the remaining conditions note first that ^ |S1 and [3 ^ follow 
from Corollary 14. 81 and Theorem 14. II respectiyely. while O ^ jHl is a consequence 
of Proposition 14.71 and the fact that Haag duality holds by assumption. Hence 
it remains to show that El follows from (HI To this end assume that condition (HI 
holds and consider a normal state uj — ai ® a2 oi B{Hi) B{IC). According to 
Proposition 14 . 41 gi (and therefore lo as well) has infinite one copy entanglement. 
Since the operation B{n) 3 A ^ UAU* = 7(A) G i3(Hi) O B{IC) is local 
and normal the pull back lo o ^ oi lo with 7 is normal and has infinite one 
copy entanglement, which implies condition El Therefore we get the chain of 
equiyalences <4> El <^ El "^ El which concludes the proof. □ 

Hence, under the assumption of Haag duality, entanglement theory divides 
into two different cases: on the one hand low entangled systems which can be 
described as usual in terms of tensor-product Hilbert spaces and on the other 
infinitely entangled ones, which always arise if the observable algebras 21, *B of 
Alice and Bob are not of type I. This implies in particular that there are a lot of 
systems which can be distinguished in terms of the type of the algebra 21 and 05, 
but not in terms of ordinary entanglement measures (because all normal states 
of these systems are infinitely entangled). Nevertheless, it seems to be likely 
that there are relations between the type of 21, *B and entanglement, which go 
beyond the result of Theorem 14.91 In this context it is of particular interest to 
look for entanglement properties which can be associated to a whole bipartite 
system instead of individual states. We come back to this discussion at the end 
of Section [5?^ For now, let us conclude this Section with the remark that item 
El of Theorem 14.91 admits an interpretation in terms of distillation respectively 
dilution processes, which nicely fits into the point of view just outlined: If we 
take the maximally entangled system TZl/r,! ^-nd add a second non-maximally 
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entangled one {M.,M.') the result (21, *B) is again non- maximally entangled. 
Hence we have "diluted" the entanglement originally contained in TZj^/jii. If 
we start on the other hand with a non-maximally entangled system 2t, 03 and 
discard a lower one {A4,M') we can concentrate (or distill) the entanglement 
originally contained in 21, *B and get a maximally entangled system TZl/r.i- 

5 Entangled spin chains 

Let us return now to spin chains and to the C*-algebras Al,Ar C A defined 
in Section |2| If lj is a pure state on the quasi- local algebra A, the pair of von 
Neumann algebras TZL,uj,f^R,ui form a simple bipartite system (cf. Section EJ. 
According to Lemma |3 .51 11; has infinite one copy entanglement with respect to 
Al, Ar iff the GNS vacuum has the same property with respect to TZl.uj, Ti-R,ui- 
Hence we get the following simple corollary of Theorem 14.91 

Corollary 5.1 Consider a pure state uj G A* which satisfies Haag duality, 
i.e. TZr„u] ~ T^-'l uj- li has infinite one copy entanglement iff the von Neumann 
algebras TZl/r.ui a'^g ^oi of type I. 

Applying again Theorem 14.91 and Lemma 13.51 we see in addition that (un- 
der the same assumption as in Corollarv l5.1|l each TTi^-normal state a has in- 
finite one copy entanglement as well. This fact has a simple but interesting 
consequence for the stability of infinite entanglement under time evolution. To 
explain the argument consider a completely positive map T : A —^ A which 
is TTt^-normal, i.e. there is a normal cp-map T^, : BiTiuf) — > BiJiuf) such that 
TTuj {T^Ayj = Tuj [tTu) (^)) ■ Obviously, this T maps tt^- normal states to 7r^-normal 
states. Hence we get 

Corollary 5.2 Consider again a pure state lo G yl* which satisfies Haag dual- 
ity, and a n^j -normal cp map T : A —<■ A. The image T*(uj) of to under T has 
infinite one copy entanglement iff lo has. 

We can interpret this corollary in terms of decoherence: Infinite one copy 
entanglement of a state lo is stable under each decoherence process which can 
be described by a Tr^j-normal, completely positive time evolution. By the same 
reasoning, it is impossible to reach a state with infinite one copy entanglement by 
a normal operation, if we start from a (normal) separable state. This might look 
surprising at a first glance, however, the result should not be overestimated: It 
does not mean that infinite one copy entanglement can not be destroyed, instead 
the message is that operations which are normal with respect to the GNS- 
representation of the initial state are too tame to describe physically realistic 
decoherence processes. 

5.1 Translational invar iance 

After these general remarks, let us have now a closer look on those properties 
which uses explicitly the net structure Z D A i-^ ^a C A, which defines the 
kinematics of a spin chain. One of the most important properties derived from 
this structure is translational invariance. If a state lo is translationally invariant, 
we can restrict the possible types for the algebras TZr/l.ui significantly, as the 
following proposition shows. 
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Proposition 5.3 If uj is a translationally invariant pure state, the half-chain 
algebraTZ]^^^ (respectively TZu^u>) is infinite, i.e. not of type IIi or In withn < cx3. 

Proof. We only consider TZl,lu because TZr^^ can be treated similarly. Assume 
that TZl,u: is a finite factor. Then there is a (unique) faithful, normal, tracial state 
ijj on TZl,uj, which gives rise to a state ijj = tpon^ on Al- Obviously ^ is factorial 
and quasi-equivalent to the restriction of ut to Al. Hence by Corollary 2.6.11 
of ^ we find for each e > an n € -N such that \oj{Q) - ip{Q)\ < e/2||(5| 
holds for all Q E A which are located in the region (— oo,n]. Now consider 
A,B e A[Q_k] for some /c e N with || A|| = ||B|| = 1. Then we get with j > n + k 
and due to translational invariance 

\LoiAB)-^{T^,{AB))\ = \Lo{T^,iAB))~^{T^,iAB))\ < e/2. (41) 

Hence 

\uj{AB)-LoiBA)\ < \Lj{AB)^iP{T^j{AB))\ + \ij{T^j{AB))-uj{BA)\ < e. (42) 

Since e and k were arbitrary we get uj{AB) = uj{BA) for all A,Be Aioc and by 
continuity for all A, B G A. Hence cj is a tracial state on A which contradicts 
the assumption that lu is pure. □ 

We do not yet know whether even more types can be excluded. However, the 
only cases where concrete examples exist are Iqo (completely separable states of 
the form (/)®^) and HIi (the critical XY-model with 7 = 0; cf. ScctionESI)- Our 
conjecture is that these are the only possibilities. 

Another potential simplification arising from translational invariance con- 
cerns Haag duality. We expect that each translationally invariant pure state 
automatically satisfies Haag duality. However, we are not yet able to prove this 
conjecture. If it is true we could replace Haag duality in CoroUarv lS.ll bv transla- 
tional invariance, which is usually easier to test (in particular if lu is the ground 
state of a translationally invariant Hamiltonian). 

Finally, note that we can discuss all these question on a more abstract level, 
because we only need the unitary V : Hui — > Ti-uj which implements the shift 
T, in addition to the bipartite system TZl/r^^^. All other (local) algebras can be 
reconstructed by 

A - VRl.^V* n Rr,^, Aj = V'AqV-^, (43) 

and appropriate products of the Aj . 

5.2 Localization properties 

The message of Theorem 14 . 91 and Corollarv l5.1l is that whenever we have a spin 
chain in a pure state lo, satisfying Haag duality (or a state quasi-equivalent to 
such an lo) we can generate as much singlets as we want by operations which 
are located somewhere in the left and right half-chains respectively. However, 
these localization properties can be described a little bit more precise. To this 
end let us introduce the following definition: 

Definition 5.4 Consider two regions Ai, A2 C Z with Ai n A2 = 0. An opera- 
tion T : B{C^ (E) C*) —^ A is localized in Ai and A2 ifT is local in the sense of 
DeHmtionW^ and if T{B{C'^) (g> l) C Aa, and T{l (g) B(C'')) C Aa., holds. 
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Theorem 5.5 Consider a pure state uj on A, which satisfies Haag duality and 
which has infinite one-copy entanglement. Then the following statement hold: 
For all e > 0, M e — N, N S [— M, oo) and d € N we can find an oper- 
ation T which is localized in (— oo,Af) and [M + N,oo) and which satisfies 
io{Ti\x,){xd\))>l-e. 

Proof. Without loss of generality we can assume M = 0, because the proof is 
easily adopted to general M (by translating w appropriately). In addition let 
us denote the region [0, N) by A and set A'^ = Z \ A. Since TZa.uj = T^uiiAA)" 
is finite dimensional, it must be of type /. Hence there are Hilbert spaces Ti.\_^ 
and T-Ca''.uj with 

n^ = HA^u.(g>HA^^^, 7^A,c. = S(Ha,c.) (» I, 7^A^^ = I(»S(HA^c.). (44) 
Since TZl,uj and TI[n,oo),uj are subalgebras of TZa',uj they can be written as 

TIl.,u. = I ® Ul,^, 7^[Jv,oo),^ = I ® T^fl,,^ (45) 

with two von Neumann algebras TZl/b..uj which act on TLa^.u and which 
are isomorphic to TZL.f^ and 'R[M,oa),uj respectively. We see immediately that 
Ti'L,uj V TZr^uj — 13{Ha'=,uj) follows from the corresponding property of TZi^/ji^^. 
In addition TZl,uj and TZr^uj are mutually commuting, hyperfinite and cr-finite. 
Hence they form a simple bipartite system, as defined at the beginning of Sec- 
tional To finish the proof we only have to show that TI.l/r,u: are not of type I 
and satisfy Haag duality. The statement then follows from Theorem 14.91 

Since uj has infinite one-copy entanglement 'R-l/b.,uj are according to Theorem 
14. 91 not of type I. Hence Equation H45|l implies immediately that TZl,uj can not be 
of type I either. A similar statement about TZr,^oj follows from TZr^uj — B{T-iA,uj)® 
'Ji-R,LU- To show Haag duahty consider A e T^l.^^- Then we have I® A € TZ'j^ ^ — 
T^R,cj- Since TZr^^j = B{'H,a,uj)®T^r,ui this implies A € TZr^^^ as required. Together 
with the previous remark this concludes the proof. □ 

It is interesting to compare this result with the behavior of other models: If 
we consider a quantum field and two tangent, wedge-shaped subsets of spacetime 
as localization regions the vacuum state has infinite one copy entanglement 
under quite general conditions |35| . If the regions do not touch, however, the 
entanglement is finite and decays quite fast as a function of the (space-like) 
distance of the wedges (but entanglement never vanishes completely IIDI)- In a 
harmonic oscillator chain the entanglement is always finite even if we consider 
two adjacent half-chains, and it (almost) vanishes if we tear the half-chains apart 
[H] . In both examples the entanglement is mainly located at the place where the 
localization regions meet and is basically negligible at large distances. For a spin 
chain in a state with infinite one copy entanglement it is exactly the other way 
round. 

At a first glance the result from Theorem 15.51 seems to be quite obvious: A 
finite number of qubits can carry only a finite amount of entanglement. Sub- 
tracting a finite number from infinity remains infinite. This argument is, how- 
ever, incomplete, because it assumes implicitly that entanglement is localized 
along the chain, such that ignoring a finite part in the middle can not disturb 
the entanglement of the rest. The following corollary shows that this type of 
localization is indeed possible. 
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Figure 1: Locahzation regions Ai, A2 from Corollary 15. 61 

Corollary 5.6 Consider the same assumptions as in Theorem \5.5[ For all e > 
0, M e — N. A^ e [M, 00) and d £ N there is an L d N (depending in general 
on N, e and d) and an operation T localized in Ai = [M — L, M) and A2 = 
[M + N,M + N + L) (cf. Figure\^ such that uj{T{\xd){Xd\)) > 1 - e holds. 

Proof. As above we can assume without loss of generality that M — holds. 
From Theorem l5.5l we know that an operation S : B{C^^C^) — > A exists, which 
is localized in (— cx3,0) and [A^, 00) and which satisfies 



uiA)> I- e/2 with A = S{\xd){Xd\) 



(46) 



The operator A can be written as a limit over a net A\ g -4a, (A C Z, finite), 
i.e. for each e > there is an A,, such that A D Ae implies \\A — Aa\\ < e/4. 
Now consider A = [-L, N + L) such that A,: C A and A'^ = Z \ A. On Aa^ we 
can define the state a = ^^^A" '^ with a^^\B) = tr{B)/2 and this leads to 
the operation (where IdA denotes the identity map on ^a, and we have denoted 
the map ^a<: 9 A i-^ (t(^)I e ^a<: again with a) 



BiC^ ® C*) 9 S K^ cj ® IdA {T{B)) e Ak, 



(47) 



which is localized in [— L,0] and [N,N + L). Now note that the map a ® Ma 
is idempotent with \\a ® Ma || = 1 (since cr is a state and therefore completely 
positive and unital). Hence we get 

\\A-a® IdA(A)|| <\\A~AA\\ + \\AA~a® ldA{A)\\ 

<^ + ||a®MA||||AA-A|| <|, (48) 

therefore \ijj{A — a ® fdA(A))| < | and this implies with (|46|l 

u;{a®ldA[S{\xd){Xd\)\) = w(a ® Ma(A)) > c^(A) - | > 1 - e. (49) 



Hence the statement follows with T = {a ® IdA)^. 



D 



This corollary strongly suggests the introduction of a function L^^ {M, N, e) 
which associates to a position M and a distance N the minimal length L^ of 
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the localization regions which is needed to extract a maximally entangled qubit 
pair with accuracy < e < 1 from a chain in the state w. For a state with 
infinite one copy entanglement, L is well defined and always finite. Hence it 
provides a method to distinguish between different states with infinite one copy 
entanglement. 

To get an idea what L^^ can possibly tell us about uj, consider first its de- 
pendence on e. We can get rid of it by defining Li^{M, N) = sup^ L^{M, N, e). 
However, this quantity can become infinite if the entanglement contained in uj 
is not perfectly localized (i.e. we can never extract a perfect singlet at position 
M and distance N). In this case the dependence of L^ on e is a measure of 
the degree of localization of the entanglement contained in w. To discuss the 
parameters M and N note that two quasi-equivalent factor states w,(T become 
indistinguishable "far outside" , i.e. for each S > there is a iC G N such that 

A e ^{|,|>A-} ^ HA) - aiA)\ < 5\\A\\ (50) 

holds J^ Cor. 2. 6. II]. This indicates that the asymptotic behavior of L^ for 
M —^ ±oo, respectively N —^ oo characterizes the folium of lu (i.e. the equiv- 
alence class under quasi-equivalence) while the behavior for finite M, N dis- 
tinguishes different states in the same folium. (This observation matches the 
discussion from the end of Section ^21) In both cases the dependence of L^ on 
M and N describes how entanglement is distributed along the chain (M) and 
how it decays if the distance N of the localization regions grows. 

Closely related to L^ is the one-copy entanglement Ei{uj\) of the restriction 
UJA of Lj to Aa = Aai (X" Aa2, a — Ai U A2, with respect to the splitting 
.4-Ai,-4a2 c Aa- For each L > L^{M,N) we get Ei{uja) > 1, if Ai,A2 are 
disjoint regions of length L, at position M and with distance N (cf. Figure^. 
This fact can be used to calculate L^{M,N) if we have a method to compute 
Ei{uja)- Another closely related quantity is the one copy entanglement Ei(uj) 
of UJ with respect to the splitting of the whole chain into a finite contiguous 
block of legth L and the rest. Explicit calculation of this type are available in 
|16[ I33| , where it is shown that Ei diverges for critical chains logarithmically in 
L. Unfortunately the methods used there are restricted to pure states, and can 
not be applied directly to the computation of the one copy entanglement of loa 
with respect to the bipartite system ^Iai , Aa2 C -4a just mentioned (since uja 
is in general mixed, even if lu is pure). 

5.3 Cluster properties 

The function L^ just introduced provides a special way to analyze the decay of 
correlations as a function of the distance (of the localization regions). A different 
approach with the same goal is the study of cluster properties. In this subsection 
we will give a (very) brief review together with a discussion of the relations to 
the material presented in this paper. 

In its most simple form, the cluster property just says that correlations 
vanish at infinite distances, i.e. 

lim \uj(ATkiB)) ^lo{A)uj{B)\ = (51) 

k — 'oc 

should hold for all A, B £ A (this is known as the weak cluster property). This 
condition, however, is to weak for our purposes, because it always holds if lo is 
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a translationally invariant factor state (cf. 10, Thm. 2.6.10]). Hence we have to 
control the decrease of correlations more carefully. One possibility is to consider 
exponential clustering, i.e. exponential decay of correlations. It is in particular 
conjectured that a translationally invariant state to satisfies the split property 
(cf. Section Ell) if 

\cj{ATk{B)) ~uj{A)uj{B)\ < C{A,B)e'^^^ VA C, Al, Be Ar (52) 

holds, where C{A, B) is an A, B dependent constant, M is a positive constant 
(independent of A and B) and k is any positive integer. A complete proof of this 
conjecture is not yet available. If it is true, however, it would imply according 
to ,22j that any ground state with a spectral gap (for a Hamiltonian with finite 
range interaction) has the split property. 

A different, approach is to assume that the limit H51|) holds (roughly speak- 
ing) uniformly in A. It can be shown that this uniform cluster property is indeed 
equivalent to the split property. More precisely, the following proposition holds 
[ai Prop. 2.2]: 

Proposition 5.7 For each translationally invariant pure state lj on A the fol- 
lowing two statements are equivalent. 

1. u satisfies the split property, i.e. TZl.u C A/" C Ti-R^ holds with a type I 
factor Af. 

2. oj satisfies 



lim sup 

k — >oo y^ 



J2{^{AMBj)) -^iA,)Lo{B,)) 



(53) 



where the supremum is taken over all A G .4ioc with \\A\\ < 1 ana 






for some n G N. 



6 Case study: The critical XY model 

To illustrate the abstract discussion from the last two sections let us now dis- 
cuss the critical XY model and its unique ground state (/?§. To this end let 
us denote the GNS representation associated to ^ps with (715,^5, fig) and the 
corresponding half-chain von Neumann algebras by 'Ti,L,s and T^R^s- The main 
result of this section is the following theorem which shows that the 'R-l/r,s a-^e 
not of type I and that Haag duality holds. The proof will be given in Subsection 
16.31 In addition we will provide a short review of several technical details of this 
model. 

Theorem 6.1 Consider the critical XY model (i.e. at from Equation J^l!^) with 
|A| = 1,7 ^ or |A|< 1,7 = 0;. 
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1. The unique ground state ips is not split, i.e. TIl,s, Ti-R,s o.fe not of type 
I. 

2. LPs satisfies Haag duality 

K,s = T^R,S (55) 

According to Theorems 14 . 91 and 15 . 51 this result implies immediately that each 
TTs-normal state (in particular ips itself) has infinite one-copy entanglement. 

Corollary 6.2 Each -Ks-nornial state lj on A has infinite one copy entangle- 
ment with respect to the bipartite system Al , Ar C A. 

6.1 The selfdual CAR algebra 

To prove Theorem 16.11 we will use the method introduced in j2] by H.Araki. 
The idea is, basically, to trace statements about spin chains back to statements 
about Fermionic systems (cf. Section 1^?^ . To prepare this step we will give a 
short review of some material about CAR algebras which will be used in this 
context. More detailed and complete presentations of this subject can be found 
in PEIIHIIIII. 

Hence, let us consider a complex Hilbert space /C equipped with an antiuni- 
tary involution F. To this pair we can associate a C*-algebra A'^^^^JC, F) which 
is generated by elements B{h) e A''^^^{1C,T) where h £ K. and h i-^ B{h) is a 
linear map satisfying 

{B{hiy,B{h2)} - {hi,h2),cl, B{rhr = B{h). (56) 

^^ (/C,F) is uniquely determined up to isomorphisms and called self- dual 
CAR algebra over (/C, F). If there is no risk of confusion we denote A'^^^iK., F) 
by ^CAR 

Any unitary u on IC satisfying FuF — u gives rise to the automorphism (3^ 
of A'~^^^ determined by 

MB{h)) = B{uh). (57) 

(3u is called the Bogoliubov automorphism associated with u. Of particular im- 
portance is the case u — 1 and we write 

e = /3_i. (58) 

Q is an automorphism of A'~^ {K., J) specified by the following equation: 

e{B{h)) = -B{h). (59) 

As the automorphism O is involutive, Q^{Q) — Q, we introduce the Z2 grading 
with respect to 8: 

^^^^ = {Q e y^CA^ I e(Q) = ±Q}, ylCAR = ^CAR^_j^CAR^ (go) 

Next we introduce quasi-free states of A'"^^{IC, F). To this end note that for 
each state tp of ^^^^ there exists a bounded selfadjoint operator A on the test 
function space K, such that 

V'(S(/li)B(/l2)) = (F/li,^/l2)K (61) 

and 

< ^ < 1, F^F = 1-A. (62) 

holds. A is called the covariance operator for ■0. 
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Definition 6.3 Let A be a selfadjoint operator on K, satisfying i)6'ij|] . and ipA 
the state of A'^ {K,, J) determined by 

i>A{Bihi)B{h2) ■ ■ ■ B{h2n+l)) = 0, (63) 

and 

n 

il^A{B[hi)B{h2) ■ ■ ■ B[h2n)) ^^sign{p)W{Jhp(^2o-i). Ahp(^2o))K, (64) 

where the sum is taken over all permutations p satisfying 

p{l)<p{i)<...<p{2n-l), p(2j - 1) < p(2j) (65) 

and sign{p) is the signature of p. rpA is called the quasi-free state associated 
with the covariance operator A. 

A projection E on /C satisfying r_Er = 1 — E' is called a basis projection and 
the corresponding quasi-free state ipE is called a Fock state. A quasi-free state 
is pure iff it is a Fock state. The GNS representation (Tig, tt^, J7e) of 4'e can 
be easily given in terms of the antisymmetric Fock space J-'a{E)C) over EIC: 

nE = ^a{EIC), nE{Bih)) ^C{EJh) + C*iEf), Qe^^, (66) 

where C{f),C*{f) denote annihilation and creation operators on Ta{EJC) and 
0, E Ta{EJC) is the usual Fock vacuum. 

f f two quasi-free states are given we need a criterion to decide whether they 
are quasi-equivalent or not. This is done by the following proposition. 

Proposition 6.4 Two quasi-free states 4'Ai, '4'A2 of A^ [JC^T) are quasi- 
equivalent iff the operator yfAx — \f'A^ is Rilbert- Schmidt. 

For two Fock states i/jsj , i/jsj this condition reduces obviously to: E\ — E2 
is Hilbert Schmidt, and since ipEi and ipE2 are pure, they are quasi-equivalent 
iff they are unitarily equivalent. Hence in this case we get the statement: ipEi 
and '1JJE2 are unitarily equivalent iff Ei — E2 is Hilbert Schmidt. If only one of 
the two operator is a projection. Proposition 16.41 can be easily reduced to the 
following statement (cf. 1 for a proof): 

Proposition 6.5 Consider a Fock state tpE o,nd a quasi-free state iJja of 
A {IC,T). They are quasi- equivalent iff E — A and y^A{T[ — A) are both 
Hilbert- Schmidt. 

Now consider a second projection P on /C and assume that P commutes with 
r. Then we can define A'^^^iPIC,PTF) which is a subalgebra of A'^^^{IC,T). 
To state our next result (known as "twisted duality" ) concerning the comniutant 
of the algebra 

MiP) - TTEiA'^^^'iFIC^FTP))", (67) 

note that "ipE is invariant under the automorphism O defined in (jSHJ- Hence 
there is a unitary Z on He such that 7r£;(9(yl)) = Z7Te{A)Z* holds. Now we 
have (cf. P for a proof) 

Proposition 6.6 (Twisted duality) The von Neumann algebra 

N{1 -P) = {ZT:E{B{h)) \hc{l- P)K,]" (68) 

coincides with the commutant of M.{P), i.e. M.{P)' = M{1 — P) holds. 
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6.2 The Jordan Wigner transformation 

Now we will use the arguments in {5] to relate spin chains to Fermionic systems. 
The first step is to enlarge the algebra A to another algebra A by adding a new 
selfadjoint unitary element T which has the following property: 

T^^l, r*=T, TQT = e-{Q) for Q in A (69) 

where 0_ is an automorphism of A defined by 



-1 \ / -1 

f T 



e_(Q) = ^hm^ I n ^i'^ \Q\ U '^i''^ I • (70) 



A is the crossed product by the Z2 action via 0_. Obviously 

A = AUAT (71) 

and we extend 9- to A by e_(T) = T. 

We introduce another automorphism O via the formula, 



N \ I N 

\ 



©(Q) = Ji-^, I n -i'' \Q\Il -i'' I • (72) 



Thus 

eia^^) = -a^\ e(4^') = -a(^), eiT) = T, (73) 

and we set 

A± = {QeA\eiQ) = ±Q}. (74) 

Now we can realize the creation and annihilation operators of fermions in A 
as follows. 

c* = TS, (4^) + *4^) )/2, c, = TS, (4^) - *a(^) )/2 (75) 

where 

rai°^..ar^) for,>l, 

S.^h for J = 0, (76) 

[ai~^^ ■ ■ ■ ai^^^ ioTJ<-l. 

Operators c* and Cj satisfy the canonical anticommutation relations (jZZJ- 

{c„c4 = {c*,c*} = 0, {c,,c*} = <5,-a (77) 

for any integer j and k. 

For a vector / = (fj) e ?2(^), we set 

c*(/)=-Es*/.' c(/)=^c,/, (78) 

where the sum converges in norm topology of A. Furthermore, let 

B{h)^c*ih)+cih) (79) 
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where /i = (/i /2) is a vector in the test function space /C = hC^) © hC^) ■ 

By / we denote the complex conjugate / = (fj) of / G hi'^) and we intro- 
duce an antiunitary involution F on the test function space /C = hi"^) © hC^) 
determined by 

r(/ie/2) = (72©7i)- (so) 

It is easy to see that 

{B{hiy,B{h2)} = (/ii, /i2)icl, B{rhr = B{h). (81) 

holds. Hence the elements B{h) just defined generate a subalgebra of A which 
is isomorphic to the CAR algebra A'~^^^{IC, T), and which is therefore identified 
with the latter. In this context note that the two definitions of the automor- 
phism O in Equation H72|l and H58|l are compatible. The relation between the 
CAR algebra A'~^^^ and the spin chain algebra A is now given by the following 
equation: 

A+ = Al^"", A- - A'l^'^T, (82) 

i.e. the even parts of both algebras coincide. Note that this implies in partic- 
ular that A is generated by elements B{h)T with /i e /C. Furthermore, the 
automorphisms r and 0_ can be implemented as well in terms of Bogolubov 
transformations, provided the shift r is extended to A by 

ri(c,)=c,+i, ri(c*)=c*+i, ri(r) = Taf - r(2cSco - 1) (83) 

Now we define for / — {fj) e hi'^) the operators 

(u/),=/,_i, (84) 



and 



'-/),H". :-^!;, (s.) 



By abuse of notation, we denote operators 6- and w on A^ = Z2(^) ffi hi'^) by 
the same symbols: 

«(/l®/2) = (w/l®w/2), 0-(/l®/2)-(e-/l®0-/2). (86) 

Then we have 

Ti{B{h)) = B{uh), e^{B{h)) = B{9^h), (87) 

for aU h e IC. 

Now we are interested in states a; on ^ which are 0-invariant. Since Q{A) — 
—A for each A G A- this implies that lo is uniquely determined by its restriction 
to A+. Due to Equation H82|l this restriction can arise in particular from a Fock 
state ipE oi A'^^^, i.e. 

io{A) = uj{A+ + A_) = ^je{A+), A+eA+ = A^^^, A^eA-. (88) 

For this special class of states we can trace Haag duality back to twisted duality 
(Proposition 16. 6|l . To this end let us introduce the projection p on hi'^) by 

0- + I 
p = ^— (89) 
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or more explicitly, for f in I2 (Z) 
On K. wc then set 

P{h®f2) = {ph®Ph)- (91) 

The operator P defines the localization to the right half chain. With this nota- 
tion we can state the following result: 

Proposition 6.7 Consider a Q invariant state uj which coincides on A+ = 
^CAR ^j^^ ^^g Fock state ipE- Then Haag duality holds, i.e. 

T^L,u - 7^^.<. (92) 

is satisfied. 

Proof. The idea of the proof is to relate the GNS representation (Ti^j, tTi^, flui) of 
UJ to the GNS representation {Het'^Et^e) oi tpE (i.e. the Fock representation), 
and to apply twisted duality (Proposition |^2I) . Hence, let us consider the re- 
striction of ipE to .4+ ~ A^^^ . Its GNS representation is given by (7i^, tt^Ij, V,e) 
with 

7r+iA)^TrEiA)\n+, H+ ^ [7TEiA+)"nEl A e A+. (93) 

In addition, note that A can be written as the crossed product of A+ with 
respect to the Z2 action given by Ad(cri: ). In other words each A £ A can 
be written in miique way a,s A = Ao + Aiax with Ao,Ai E A+. This implies 
that TTi^ is uniquely determined by its action on A-i^ and Cx . It is therefore 
straightforward to see that tt^^ can be written as 

n^^n+<»n+, h^^Qe^o, tt^{<j!^^)^ ® v = v ® t (94) 

TT^A) - 4(A) e 4(ai")Aai")), AeA+. (95) 

Alternatively, recall that A is generated by elements B{h)T E A- with 
h E K.. Hence it is sufficient to calculate 7r(j(i3(/i)T). To this end denote the 
orthocomplement of TiJ, by Ti.^ and introduce the operators 

B^{h)^T:E{Bih)) \n]^, hElC. (96) 

From Equations H()3|l and (|64|l it follows immediately that the range of B^{h) 
is Ti^, hence 

7TE{B{h))^(Bv = B+{h)v®B^{h)^, iEH%,veH-E. (97) 

With B{h)T = B{h)Taf\^x^ we get from (gU and p)l 

7r.(i3(/i)T)e®77 = 4(i?(/.)rai"))r7e4(a(0)i?(/^)r)e (98) 

Now note that Ux — TB{hc,) holds with (ft.o)j = {^jo^ ^jo) ^ this can be derived 
immediately from the definitions of B{h) and Cj, c* in Equations (|75|l and H79|l . 
Hence we get from (I98II 

TTu {B{h)T)^ (Sti = ^e {B{h)B{ho))v ® 4 {B iho)T B {h)T) ( (99) 

^B+{h)B-{ho)v®B+{ho)B-{e^h)^ (100) 
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where we have used T^ = I, TB{h)T = Q^{B{h)) = B{9^h) and the fact that 
T commutes with B{ho): cf. the definition of T and 9- in ^^ and ^^. This 
imphes 



UTT^{B{h)T)U*£,®K = B+{h)K®B^{e^h% ^eH+, KeU^- (101 
where U : H^ ® H^ — > H^ ® 7Y^ denotes the unitary given by 



US,(B'n = ^®B^{ho)ri, U*^®K = ^®B+{ho)K, (102) 



for each ^, 77 € H^ and k € H^. 

To continue the proof recall that Z is the unitary on TIe which imple- 
ments the automorphism 9 of A'~^^^. Hence ZA+Z* = A+ for A e A^^^ 
and ZA^Z* = -A_ for A^ e A'E-'^^- Since the even algebra ^^^^ is generated 
by monomials B{hi) ■ ■ ■ B{h2n) with an even number of factors, we see that 
A+He C He and A+He C He hold for each A+ e A'^^^\ Similarly we have 
A-He C He and vice versa if A- € ^S^^. This implies immediately that Z is 
given (up to a global phase) by ^^ = ^ and Zk = — k for ^ e 7i^ and k G 7i^. 
Since 6l_(P/i) = Ph and 6'_([I - F]/i) = -[I - P]/i hold, we get from ((TUT|) 

C/tt^ {B{Ph)T) U* = 7TE {B{Ph)) , (103) 

Un^{B{[l- P]h)T)U* = Z7rE{B{[l- P]h)). (104) 

In addition we have 

TZl.u = {ttu{B{[1 - P]h)T) I /i e /C}", (105) 

7^fl,c. = {n^{B{Ph)T) I /i e /C}". (106) 
Hence we get (|92|l from Proposition |^1 D 



6.3 The ground state 

Now let us return to the XY model and its ground state (cf . 0] for details) . Recall 
that the shift is defined on A'^^^ by a Bogolubov transformation with respect 
to the unitary u given in Equation H84|l . A quasi- free state ^pA is translationally 
invariant if and only if the covariance operator A commutes with this u. It 
turns out that for a translationally invariant quasi- free state ^Ai the Fourier 
transform FAF^^ of the covariance operator ^ is a (2 by 2 matrix valued) 
multiplication operator A{x) on FK, = i2([0, 27r]) i2([0, 27r]). We use the 
following normalization for the Fourier transform: 

F{f)ix)= Y. e^-^U, U = i27r)-' r e~^-^F{f)ix)dx (107) 

n=-oo -^0 

for / = (/„) e hiZ) and F{f){x) € L2([0,27r]). The 9 invariant ground state 
of the XY model cps is described by 

^s(Q)-^s(Q+ + Q-) = V'£(Q+), (108) 

where Q = Q+ -f Q^, Q± E A±, and E is the basis projection defined by the 
multiplication operator on FIC; 

,_i ^, . I f. 1 



FEF-' = E{x) = 2 (^1 + fc(^^(^) I (109) 
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th 

cos X — \ — «7 sin x 



K{x) 
and 



17 sin a; — (cosx— A) 



(110) 



k{x) = [{coax - \f + -i"^ ain^ x^/'^ . (Ill) 

We will denote the GNS representation of ips by {Ti-SiT^s, ^s) and the left/right 
half-chain algebras by TZl/hs- From Proposition 16 . 71 we immediately get: 

Corollary 6.8 The unique ground state (ps of the critical XY model satisfies 
Haag duality, i.e. 

holds. 

The next step is to analyze the type of the half-chain algebras 'R-l/r.,s- Fo^' 
an isotropic chain (7 = 0) with magnetic field |A| < 1 this is done in 31, Thm. 
4.3] using methods from |41j 

Proposition 6.9 Consider the ground state (ps in the special case 7 = 0, |A| < 
1. Then the von Neumann algebras TZr/l.s ^'^e of type IIIi. 

In the general case we are not yet able to prove such a strong result. We can 
only show that the 'R-l/r,s are not of type I (as stated in Theorem 16. 1() . This is 
done in a series of steps, which traces the problem back to a statement about 
quasi-incquivalence of quasi- free states. 

Lemma 6.10 Consider a pure state lu on A and its restrictions ojl/r to Al/r. 
Assume that the von Neumann algebras TZl/r.u H'^e of type I, then to and a = 
ojl ® ^R are quasi- equivalent and factorial. 

Proof. Since TZr^^^ and TZl,ui are of type I, we can decompose the GNS Hilbert 
space into a tensor product Ti.^ — Hl,uj ^ Ti-R.^j with TZr^^^ — 1 (^ B{T-Lr,^) 
and TZl,uj — B{Hl.lj) <8i I. The state a = ljl 'Si ojr is a;-normal and it can be 
written as (j{A) — ti(Tri^{A)pL S pr) where Pl/r are partial traces of |ilij)(il(^| 
over 'Hr/l,uj- The GNS representation of a is therefore given by Tia = 'Hs ® K. 
and TTa{A) = Tr^{A) (^ I with an auxihary Hilbert space /C. Hence ncr{A)" = 
B{7iui) ® I which shows that a is factorial. Since lj is factorial as well, the two 
states are either quasi-equivalent or disjoint, and since a is w-normal they are 
quasi-equivalent. □ 

Hence, to prove that TZl/r.s are not of type I, we have to show that ips and 
fL,s 'X' ^R,s are quasi- inequivalent. The following lemmas helps us to translate 
this to a statement about states on A'"^^ . 

Lemma 6.11 Consider two Q-invariant states lui,lu2 on A and their restric- 
tions ujj',uj2 to the even algebra A-\-. Assume in addition that uji is pure and 
UJ2 factorial. If loi and L02 are quasi- equivalent one of the following is valid: 

1. The restriction to the even part lo{^ is quasi- equivalent to cjj • 

2. The restriction to the even part lo{^ is quasi- equivalent to ojj ° Ad{(Jx ) 
where Ad{af^){Q)^af'^Qa'-^\ 
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Proof. Let us denote the GNS representation of uj^ by (7^+ 7r+, ri+) and of ujj 
by {Tij , TTj ,^j). Then we have with A G A+ 



P;7r,{A)P+ = TT+iA) and P,-7r,{A)Pr- = n;{A) = ^+(4")Aai°)). (113) 

where P denote the projections onto H^ and its orthocomplement HJ . Since 

Pj^ e 7rj(^+)' the maps 

TTjiA+y 3A^ PpAP^ e Trf{A+)" (114) 

define *-homomorphisms onto TT^^A+y' . 

Now note that lji and uj2 are factorial. For wi this follows from purity (hence 
7ri(y^)" = B{'Hi)) and for uj2 from quasi-equivalence with tJi, since the latter 
implies the existence of a *-isomorphism 

13 : TTi{A)" -> n2{A)" with /3(7ri(A)) = 7r2(A). (115) 

Due to factoriality of Uj the center Zj of 7rj(y^-|_)" is cither trivial or two- 
dimensional. To see this, note that any operator in Zj which commutes with 
Vj = TTjiax ) is in the center of TTjiA)" . Since loj is factorial, this implies that 
the automorphism ■Kj{A+)" 3 Q ^^ ctjiQ) — ^jQ^j ^ '^j{^+)" acts ergodically 
on Zj (i.e. the fixed point algebra is trivial). But aj is idempotent such that 
each aj{Q)Q, Q S Zj is a fixed point of aj. If Q is a non-trivial projection 
this implies aj{Q) = I — Q. By linearity of aj this can not hold simultaneously 
for two orthogonal projections Qi,Q2 7^ I — Qi in Zj. Hence Zj is at most 
two-dimensional as stated. 

To proceed, we have to use purity of lui. According to Lemmas 4.1 and 8.1 
of ^ the representations nf and vrf = tti o Ad(iTi ) of A+ are irreducible and 
disjoint. Since 7rj^(A) = P{^it{A)P^ holds for each A e A+ the latter implies 
that the central supports c{Pi) of P^ and P^ = I — Pi (i.e. the smallest 
central projections in tti{A+)" containing P^) are orthogonal. But this is only 
possible if c{P^) = P^. Hence P^ are in the center of tti{A+)" and according 
to the discussion of the last paragraph these are the only non-trivial central 
projections. Applying the *-isomorphism (3 we see likewise that Q = (3{P^) and 
TL— Q = f3{P^) are the only non-trivial central projections in 7r2(.4+)". Since 
A i~+ P.^AP2' is a *-homomorphism from Tr2{A+)" onto 7r^(yi+)" the center 
of TT2{A+y' is mapped into the center of 7r^(^+)". Since w^ is factorial by 
assumption we get P^QP^ = P^ and P^(I — Q)P2 = or vice versa. This 
implies either Q = P^ or Q — Pj ■ Hence /3 maps ^^{A+y' in the first case to 
712 {A+y aii'i i^ the second to 112 {A+y . Therefore uj^ is quasi equivalent to 
to 2 or LO2 o Ad(cri: ) as stated. □ 

We will apply this lemma to states coinciding with quasi-free states on the 
even part of the algebra. The following lemmas (partly taken from |29li;-{()| ) help 
us to discuss the corresponding restrictions to A^^^ . 

Lemma 6.12 Let ui and lu2 be quasi-free states of A^ . The restrictions to 
the even part uj^ and w^ are not quasi- equivalent, if uoi and L02 are not quasi- 
equivalent. 
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Proof, cf. Proposition 1 of [221 ■ ^ 

Lemma 6.13 Consider a basis-projection E, the covariance operator 

F = PEP+{\-P)E{\-P), (116) 

and the restrictions ^pj., if) J. of the quasi-free states tpEj'^pF to the even algebra 
A+. If ipE o,nd ipp are quasi- inequivalent, ipj, is quasi- inequivalent to ipp and 
to^+oAdia^°^). 

Proof. Quasi-inequivalence of tpj, and ^J. follows directly from Lemma 16.121 
Hence assume "0^ and ipp o Ad{ax ) are quasi-equivalent. From the proof of 
PropositionO recall that a^^^ = TB{ho) == B{ha)T holds with Hq G /C, (/io)j = 
{Sjo,Sjq). Therefore 

a(")B(/i)4°) = B{ho)TBih)TB{ho) = B{ho)B{e^h)B{ho). (117) 

With the anti-commutation relations (j56|l we get ax B{h)ax ~ B{dh) with 
^(/i) = {hQ,6^h)hQ — 9-h. The operator § is selfadjoint and unitary and 
commutes with P. This implies that -dEd is a valid covariance operator and 
ipp o Ad((Ti: ) = ip^F^ is therefore quasi-free. Hence by Lemma 16.121 guasi- 
equivalence of V'^ and ipp o Ad(crx ) implies quasi-equivalence of tpE and 
ipF o Ad(cri ). To proceed note that ^p ° Ad(crx ) and ipp ° ©- are unitar- 
ily equivalent. This follows immediately from Ad(iTi ) = 8_ o Ad(i?(/io)) and 
the fact that Ad(-B(ft.o)) is an inner automorphism of A'^^^ . Therefore tpE is 
quasi-equivalent to 'ipF°Q- = V'e__F6i_ ■ But 0_ = 2P— I and therefore P6^ = P 
and (I- F)6'_ = (P- I) which imphes e.EO. = F. But this would imply that 
ipE and ipE are quasi-equivalent in contradiction to our assumption. Hence ipj, 
can not be quasi-equivalent to ipp o Ad(o'i ). □ 



Lemma 6.14 Consider a quasi-free state ipA of A'^ with covariance operator 
A. Its restriction tp\ to the even algebra A'^^^ is factorial if A{1. — A) is not of 
trace-class. 

Proof, cf. Proposition 2 of [2^1 ■ ^ 

Now consider again the ground state (ps and the corresponding product state 
c = 'Ps,L ^ 'Ps,B.- On the even algebra A'^^^ they coincide with the Pock state 
ipE and the quasi- free state ipp, where E is the basis projection from Equation 
(I109|l and E is given by Equation H116() . To check quasi-equivalence we have to 
calculate the Hilbert-Schmidt norm of E — E (cf. ProDOsition l6.4l and l6.5|l . Such 
calculations are already done in '^, and we easily get the following lemma. 

Lemma 6.15 The operator 

X = PEP - PEPEP + (I - P)E{% - P) - (I - F)P(I - F)i?(I - P) (118) 

with E from Equation HOfJ\} is not trace-class. 
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Proof. According to Lemma 4.5 of jj we have 

\\E - 9-Ee^\\^s =tr{E + e^E9- - EO^EO^ -O^EO^E) = cx) (119) 

Inserting 6'_ = P - (I - P) and using the fact that tr(r) = tr(PyP) + tr((I - 
P)F(I— y)) holds for any positive operator F, it is straightforward to see that 
11^ - 6l_^e'_|||g = 4tr(X) holds. Hence the statement follows. □ 

Now we are ready to combine all the steps to prove that TZl/r,s ^^^ ^lot of 
type I. The following proposition concludes the proof of Theorem 16. II 

Proposition 6.16 Consider the unique ground state ips of the critical XY- 
model and its GNS representation (Tis, tts, fls)- The half chain algebras TZr^s — 
t^s{Ar)", TZl,s = ttsI^l)" are not of type I. 

Proof. Consider the operators E,F and X from Equations (|109|l . (|116|l and 
(|118|l . It is easy to see \\E- FW^^ = tr(X). Hence E - F is not Hilbert-Schmidt 
by Lemma 16.151 and ipE not quasi-equivalent to ipF by Proposition 16.51 Lemma 
16.131 implies therefore that ip~^ is neither quasi-equivalent to ipp nor to ipp o 
Ad((7i: '). The quasi- free states i/jetiI^f coincides on ^^^^ — A+ with fs and 
a — (ps,L ® ^S,R- In addition we know that ips and a are 0-invariant, ips is 
pure and cr+ = i/jp is factorial. The latter follows from Lemma 16.141 Lemma 
16.151 and the fact that P(I — F) = X holds. Hence we can apply Lemma f6. Ill 
to see that ips and a are quasi-inequivalent. The statement then follows from 
Lemma QUI D 



7 Conclusions 

We have seen that the amount of entanglement contained in a pure state lo of 
an infinite quantum spin chain is deeply related to the type of the von Neumann 
algebras TZl/r,uj- If they are of type I, the usual setup of entanglement theory 
can be applied, including in particular the calculation of entanglement measures. 
However, if TZl/r.uj are not of type I all normal states have infinite one-copy 
entanglement and all known entanglement measures become meaningless. The 
discussion of Section clearly shows that the critical XY model belongs to 
this class and it is very likely that the same holds for other critical models. 
An interesting topic for future research is the question how different states 
(respectively inequivalent bipartite systems) can be physically distinguished in 
the infinitely entangled case. One possible approach is to look again at the von 
Neumann type. However, it is very likely that additional information about the 
physical context is needed. A promising variant of this idea is to look for physical 
condition which exclude particular cases. Proposition 15 . 31 is already a result of 
this type and it is interesting to ask whether more types can be excluded by 
translational invariance. Another possibility is to analyze localization behavior 
along the lines outlined at the end of Section [5. 21 In particular the asymptotics 
of Li^ in the limit N —f oo for a translationally invariant state (such that L^^ 
does not depend on the position parameter Af ) seems to be very interesting, 
because it should provide a way to characterize the folium of lo in terms of 
entanglement properties (cf. the discussion in Section 15^ . A first step in this 
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direction would be the calculation of L^^ for particular examples such as the 
critical XY model. 



A Strong stability of hyperfinite type III factors 

The discussion in Section [4 . 31 relies heavily on the strong stability of hyperfinite 
type III factors. While this is basically a known fact, we have not found an easily 
accessible reference. Therefore, we will provide in the following a complete proof, 
which is based on the classification of hyperfinite factors (cf. PHI Ch. XIII] for 
a detailed survey). 

Hence, let us start with a type III factor TZ and its continuous decomposition 
[33 Thm. XII. 1.1] 

7^5SA/'xleM, (120) 

i.e. A/" is a type IIqo von Neumann algebra (acting on a Hilbert space TL), admit- 
ting a faithful, semifinite, normal trace r, and is a centrally ergodic flow on M 
which scales t (i.e. toOs = e~''r). The covariant system (A/", M, 6*) is uniquely 
determined (up to conjugation) by the isomorphism class of TZ. Therefore the 
central system (2^(A/^),M, 9) - the flow of weights - is unique as well. 

Now, consider a (hyperfinite) type IIi factor A4 (acting on /C). The tensor 
product 7?. (g) A^ is type III again and satisfies 

7^®X ^ (7V®X) xe^idM. (121) 

To prove this equation, note that the crossed product on the right hand side 
is a von Neumann algebra acting on the Hilbert space L^(7i ® /C,R, dz) = 
L^(7i, R, dx) (g) /C and generated by 7ro(A/' ® Ai) and A(M), where ttq and A are 
representations of A/" A^ and R respectively. They are given by 

{7:o{A®B)^){s) = {e;\A)®B)^{s), {Xm) (s) ^ ^t - s) , (122) 

where A e Af, B e M and ^ e L'^{n » K.,R,dx). If we set ^ = t? C with 
rj e L'^in, R, dx) and C e IC this leads to 

Tro{A^B)7](»( = no{A)r](^BC, A(t)?7 ® C = A(i)?/ ® C (123) 

where ttq and A are the representations of J\f and R given by 

{MA)v) (s) - 0;\AUs), {~Mt)r^) is) = r,{t ~ s). (124) 

But 7ro(A/') and A(R) generate A/" xe R — 7?.. Hence Equation (|121|l follows from 

Since 7?. is a type III and Ai a type II factor, the tensor product 7?. (8) A/J is 
again a type III factor. If we consider in addition the (unique) tracial state tq on 
A4 we see that 9 ^Id scales t ^tq. Therefore Equation 1)121(1 is the continuous 
decomposition oiTZ ^ A4. 

Now, let us have a look at the flow of weights associated to 7?. A^. Since 
A^ is a factor the center of A/"® A^ coincides with Z{M) ® I. Hence the central 
covariant systems {Z{J\f), R, 6) and {Z{J\f^M), R, 6'(X)Id) are mutual conjugate. 
If TZ is hyperflnite, this fact can be used to show strong stability. To this end note 
first that TZ(E)M is hyperfinite as well, because A4 is hyperfinite by assumption. 
Therefore we can use classification theory and get three different cases: 
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• 7?. is of type IIIa with < A < 1. In this case the flow of weights of 7?. is 
periodic with period -In A. Since (Z(7V),R,6l) and {Z{Af(g>M),'R,9(g)ld) 
are conjugate the same holds for TZ(>^M, i.e. TZ(^M is type IIIa with the 
same A (cf. gHl Def. XII.1.5, Thm. XII.1.6]). Strong stabihty {n(giM = 
TV) therefore follows from the uniqueness of hypcrfinite IIIa factors with 
< A < 1. (cf. H Thm. XVIII.1.1]). 

• 7?, is of type IIIi . Hence the center of M is trivial and since Al is a factor 
the same holds for Z{J\f ® M) - in other words TZ® Mis type IIIi again 
(cf. |38[ Def. XII.1.5, Thm. XII.1.6]). Now we can proceed as above, if we 
use the uniqueness of the hyperfinitc type IIIi factor |89l Thm. XIII. 4. 16]. 

• 7?, is of type IIIq. In this case strong stability follows directly from the fact 
that two hyperfinite IIIq factors are isomorphic iff the corresponding flows 
of weights are conjugate |H9I Thm. XVIII. 2.1]. 

This list covers all possibilities and therefore the strong stability property 
used in the proof of Proposition 14. 51 is shown. 
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